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• Systematic: Plateaus for perfect training (epistemic uncertainty)  

• Statistical: Vanishes for perfect training (aleatoric uncertainty)
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Outline

Part I: Different networks and architectures 

Part II: Systematic uncertainties 

Part III: Statistical uncertainties
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Motivation
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• Fit set of Amplitudes  with training data: A(x) {x, A(x)}

• Prediction using variational inference: A(x) ≡ ⟨A⟩ = ∫ dA A p(A |x) = ∫ dθ q(θ) A(x, θ)

network outputnetwork distribution

• Standard heteroscedastic loss:

ℒheteroscedastic = ∑
i

| f(xi) − fθ(xi) |2

2σ(xi)2
+ log σ(xi) + …

• Additional statistical uncertainty:

σ2
tot(x) ≡ ⟨(A − ⟨A⟩)2⟩ = ∫ dA (A − ⟨A⟩)2 p(A |x) = ∫ dθ q(θ)(A2(x, θ) − A(x, θ)2) + ∫ dθ q(θ)(A(x, θ) − ⟨A⟩)2
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Bayesian neural network
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Bayesian neural networks (BNNs)
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The network encodes this probability in weight configurations, conditional on the training
data. The training can be described as constructing a variational approximation [?,?], replac-
ing p(ω |Dtrain) with q(ω ) such that

p(A) =
∫

dω p(A|ω ) p(ω |Dtrain)→
∫

dω p(A|ω ) q(ω ) . (5)

To learn q(ω ) we minimize the KL-divergence

KL[q(ω ), p(ω |Dtrain)] =
∫

dω q(ω ) log
q(ω )

p(ω |Dtrain)

=
∫

dω q(ω ) log
q(ω )p(Dtrain)

p(ω )p(Dtrain|ω )

→ KL[q(ω ), p(ω )]↑
∫

dω q(ω ) log p(Dtrain|ω ) . (6)

The first term arises from the prior and can be viewed as a weight regularization. The second
time samples from the negative log-likelihood, where the sampling generalizes the standard
dropout in neural network training. The BNN loss is then defined as

LBNN =
∑

x

#
KL[q(ω ), p(ω )]↑

$
log p(Dtrain|ω )
%
ω↓q(ω )

&
. (7)

We are free to choose the prior p(ω ). A Gaussian works well in practice, its width ϵp giving
another hyperparameter which can be varied on a performance plateau to make the training
more efficient. If we also choose the weight distributions q(ω ) Gaussian, we can compute
the KL-divergence analytically. Provided our network is sufficiently deep, the assumption of
independent Gaussians for each network parameter should not affect the expressivity.

Uncertainties

To extract the uncertainty for A, we re-write Eq.(4) such that we sample over ω and define an
expectation value and the corresponding variance

↔A↗=
∫

dω q(ω ) ↔A↗ω with ↔A↗ω =
∫

dA A p(A|ω )

ϵ2
tot =
∫

dω q(ω )
'$

A
2
%
ω
↑ ↔A↗2ω + (↔A↗ω ↑ ↔A↗)2

(
↘ ϵ2

syst +ϵ
2
stat , (8)

where
$
A

2
%
ω

is defined in analogy to ↔A↗ω . The total uncertainty factorizes into two terms. The
first vanishes in the limit of arbitrarily well-known data, p(A|ω )≃ ϑ(A↑ A0) and is identical
to the learned error in the heteroscedastic loss in Eq.(3)

ϵ2
syst ↘ ϵ2

ω =
∫

dω q(ω )
#$

A
2
%
ω
↑ ↔A↗2ω
&

. (9)

Because we will see that it approaches a plateau for large training datasets, we refer to it as a
systematic uncertainty — accounting for a non-deterministic or stochastic labels (noisy data),
limited expressivity of the network (structure uncertainty), not-so-smart choices of hyperpa-
rameters (uncertainty in model parameters) etc, in the sense of systematic uncertainty.

The second error is the ω -sampled variance

ϵ2
stat =
∫

dω q(ω ) [↔A↗ω ↑ ↔A↗]2 , (10)
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Bayesian neural networks (BNNs)
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• Parameters: Network weights  

•  params of a Gaussian 
distribution 

• Ensemble: Sample from weight 
distribution

q(θ)

q(θ)

SciPost Physics Submission

The network encodes this probability in weight configurations, conditional on the training
data. The training can be described as constructing a variational approximation [?,?], replac-
ing p(ω |Dtrain) with q(ω ) such that

p(A) =
∫

dω p(A|ω ) p(ω |Dtrain)→
∫

dω p(A|ω ) q(ω ) . (5)

To learn q(ω ) we minimize the KL-divergence

KL[q(ω ), p(ω |Dtrain)] =
∫

dω q(ω ) log
q(ω )

p(ω |Dtrain)

=
∫

dω q(ω ) log
q(ω )p(Dtrain)

p(ω )p(Dtrain|ω )

→ KL[q(ω ), p(ω )]↑
∫

dω q(ω ) log p(Dtrain|ω ) . (6)
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We are free to choose the prior p(ω ). A Gaussian works well in practice, its width ϵp giving
another hyperparameter which can be varied on a performance plateau to make the training
more efficient. If we also choose the weight distributions q(ω ) Gaussian, we can compute
the KL-divergence analytically. Provided our network is sufficiently deep, the assumption of
independent Gaussians for each network parameter should not affect the expressivity.
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To extract the uncertainty for A, we re-write Eq.(4) such that we sample over ω and define an
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Because we will see that it approaches a plateau for large training datasets, we refer to it as a
systematic uncertainty — accounting for a non-deterministic or stochastic labels (noisy data),
limited expressivity of the network (structure uncertainty), not-so-smart choices of hyperpa-
rameters (uncertainty in model parameters) etc, in the sense of systematic uncertainty.

The second error is the ω -sampled variance

ϵ2
stat =
∫

dω q(ω ) [↔A↗ω ↑ ↔A↗]2 , (10)
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Repulsive ensembles (REs)
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Repulsive ensembles (REs)
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• Repulsive term: Cover full posterior 
distribution 

• Ensemble members trained 
simultaneously
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• 1.1 M phase space points

|M |2

gg → γγg

10

• Apply basic cuts:
<latexit sha1_base64="g0K1KBWkrh8gMyf7vyA0fQoiPSQ="></latexit>

pT,j > 20GeV

pT,ω > 40, 30GeV

|ωj | < 5

|ωω | < 2.37

Rjj,jω,ωω > 0.4 10°9 10°8 10°7 10°6 10°5 10°4 10°3

A

100

101

102

103

104

p
oi

nt
s

BNN 0.1%

BNN 1%

BNN 99%

RE 0.1%

RE 1%

RE 99%

True

training with different amounts of data
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Outline

Part I: Different networks and architectures 

Part II: Systematic uncertainties 

Part III: Statistical uncertainties

11
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Adding Gaussian noise
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<latexit sha1_base64="O30XF3W7vsliL2FCUrme6g+l64c=">AAACSXicbZBLSwMxFIUzrc/6qrp0EyyCoJQZEXUjiG5cVrC20NaaSW9raCYZkjtiGebvuXHnzv/gxoUirkxrF1o9EDic716SnDCWwqLvP3u5/NT0zOzcfGFhcWl5pbi6dmV1YjhUuZba1ENmQQoFVRQooR4bYFEooRb2z4a8dgfGCq0ucRBDK2I9JbqCM3RRu3jTtKIXseu9dhPhHlPUmBWo0zGdIHZgcdfP6M4kUFpY+Ce3yDCj7WLJL/sj0b8mGJsSGavSLj41O5onESjkklnbCPwYWykzKLiErNBMLMSM91kPGs4qFoFtpaMmMrrlkg7tauOOQjpKf26kLLJ2EIVuMmJ4ayfZMPyPNRLsHrVSoeIEQfHvi7qJpKjpsFbaEQY4yoEzjBvh3kr5LTOMoyu/4EoIJr/811ztlYOD8v7FfunkdFzHHNkgm2SbBOSQnJBzUiFVwskDeSFv5N179F69D+/zezTnjXfWyS/l8l8YNLKG</latexit>

ω2
tot = ω2

syst,0 + ω2
noise + ω2

stat

<latexit sha1_base64="cyx8l5Kiyoxh0sUDL6yagCgTO/c=">AAACHHicbVBNa9tAFFylaeu6X25z7GWJKfRQjNSEtpdA2l5ydCD+AMuYp/WTvXh3JXafSozQD+mlfyWXHFpCLj0U8m+ytkVIkw4sDDPzePsmyZV0FIZXwdaD7YePHjeeNJ8+e/7iZevV677LCiuwJzKV2WECDpU02CNJCoe5RdCJwkGy+LbyB9/ROpmZE1rmONYwMzKVAshLk9Ze7ORMwyQmPKWSLEhT8QOe1oLTCLaK33+5CRRYTVrtsBOuwe+TqCZtVqM7af2Jp5koNBoSCpwbRWFO4xIsSaGwasaFwxzEAmY48tSARjcu18dV/K1XpjzNrH+G+Fq9PVGCdm6pE5/UQHN311uJ//NGBaWfx6U0eUFoxGZRWihOGV81xafSoiC19ASElf6vXMzBgiDfZ9OXEN09+T7pf+hEHzv7x/vtw691HQ32hu2ydyxin9ghO2Jd1mOC/WBn7Bf7HfwMzoOL4HIT3QrqmR32D4K/1+7Loyk=</latexit>

ωtrain = fsmear Atrue
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Adding Gaussian noise
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<latexit sha1_base64="O30XF3W7vsliL2FCUrme6g+l64c=">AAACSXicbZBLSwMxFIUzrc/6qrp0EyyCoJQZEXUjiG5cVrC20NaaSW9raCYZkjtiGebvuXHnzv/gxoUirkxrF1o9EDic716SnDCWwqLvP3u5/NT0zOzcfGFhcWl5pbi6dmV1YjhUuZba1ENmQQoFVRQooR4bYFEooRb2z4a8dgfGCq0ucRBDK2I9JbqCM3RRu3jTtKIXseu9dhPhHlPUmBWo0zGdIHZgcdfP6M4kUFpY+Ce3yDCj7WLJL/sj0b8mGJsSGavSLj41O5onESjkklnbCPwYWykzKLiErNBMLMSM91kPGs4qFoFtpaMmMrrlkg7tauOOQjpKf26kLLJ2EIVuMmJ4ayfZMPyPNRLsHrVSoeIEQfHvi7qJpKjpsFbaEQY4yoEzjBvh3kr5LTOMoyu/4EoIJr/811ztlYOD8v7FfunkdFzHHNkgm2SbBOSQnJBzUiFVwskDeSFv5N179F69D+/zezTnjXfWyS/l8l8YNLKG</latexit>

ω2
tot = ω2

syst,0 + ω2
noise + ω2

stat

<latexit sha1_base64="cyx8l5Kiyoxh0sUDL6yagCgTO/c=">AAACHHicbVBNa9tAFFylaeu6X25z7GWJKfRQjNSEtpdA2l5ydCD+AMuYp/WTvXh3JXafSozQD+mlfyWXHFpCLj0U8m+ytkVIkw4sDDPzePsmyZV0FIZXwdaD7YePHjeeNJ8+e/7iZevV677LCiuwJzKV2WECDpU02CNJCoe5RdCJwkGy+LbyB9/ROpmZE1rmONYwMzKVAshLk9Ze7ORMwyQmPKWSLEhT8QOe1oLTCLaK33+5CRRYTVrtsBOuwe+TqCZtVqM7af2Jp5koNBoSCpwbRWFO4xIsSaGwasaFwxzEAmY48tSARjcu18dV/K1XpjzNrH+G+Fq9PVGCdm6pE5/UQHN311uJ//NGBaWfx6U0eUFoxGZRWihOGV81xafSoiC19ASElf6vXMzBgiDfZ9OXEN09+T7pf+hEHzv7x/vtw691HQ32hu2ydyxin9ghO2Jd1mOC/WBn7Bf7HfwMzoOL4HIT3QrqmR32D4K/1+7Loyk=</latexit>

ωtrain = fsmear Atrue

0 1 2 3 4 5
�train ⇥10�8

0

1

2

3

4

5

�
no

is
e

⇥10�8

BNN
RE
Det
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Adding Gaussian noise
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<latexit sha1_base64="O30XF3W7vsliL2FCUrme6g+l64c=">AAACSXicbZBLSwMxFIUzrc/6qrp0EyyCoJQZEXUjiG5cVrC20NaaSW9raCYZkjtiGebvuXHnzv/gxoUirkxrF1o9EDic716SnDCWwqLvP3u5/NT0zOzcfGFhcWl5pbi6dmV1YjhUuZba1ENmQQoFVRQooR4bYFEooRb2z4a8dgfGCq0ucRBDK2I9JbqCM3RRu3jTtKIXseu9dhPhHlPUmBWo0zGdIHZgcdfP6M4kUFpY+Ce3yDCj7WLJL/sj0b8mGJsSGavSLj41O5onESjkklnbCPwYWykzKLiErNBMLMSM91kPGs4qFoFtpaMmMrrlkg7tauOOQjpKf26kLLJ2EIVuMmJ4ayfZMPyPNRLsHrVSoeIEQfHvi7qJpKjpsFbaEQY4yoEzjBvh3kr5LTOMoyu/4EoIJr/811ztlYOD8v7FfunkdFzHHNkgm2SbBOSQnJBzUiFVwskDeSFv5N179F69D+/zezTnjXfWyS/l8l8YNLKG</latexit>

ω2
tot = ω2

syst,0 + ω2
noise + ω2

stat

10�2

10�1

⌦

�
sy

st
/A
↵ noise only

BNN
RE
Det

0 2 4 6 8 10
fsmear [%]

10�3

10�2

h�
st

at
/A
i

<latexit sha1_base64="cyx8l5Kiyoxh0sUDL6yagCgTO/c=">AAACHHicbVBNa9tAFFylaeu6X25z7GWJKfRQjNSEtpdA2l5ydCD+AMuYp/WTvXh3JXafSozQD+mlfyWXHFpCLj0U8m+ytkVIkw4sDDPzePsmyZV0FIZXwdaD7YePHjeeNJ8+e/7iZevV677LCiuwJzKV2WECDpU02CNJCoe5RdCJwkGy+LbyB9/ROpmZE1rmONYwMzKVAshLk9Ze7ORMwyQmPKWSLEhT8QOe1oLTCLaK33+5CRRYTVrtsBOuwe+TqCZtVqM7af2Jp5koNBoSCpwbRWFO4xIsSaGwasaFwxzEAmY48tSARjcu18dV/K1XpjzNrH+G+Fq9PVGCdm6pE5/UQHN311uJ//NGBaWfx6U0eUFoxGZRWihOGV81xafSoiC19ASElf6vXMzBgiDfZ9OXEN09+T7pf+hEHzv7x/vtw691HQ32hu2ydyxin9ghO2Jd1mOC/WBn7Bf7HfwMzoOL4HIT3QrqmR32D4K/1+7Loyk=</latexit>

ωtrain = fsmear Atrue

0 1 2 3 4 5
�train ⇥10�8

0
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4

5

�
no

is
e

⇥10�8
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Adding Gaussian noise
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<latexit sha1_base64="O30XF3W7vsliL2FCUrme6g+l64c=">AAACSXicbZBLSwMxFIUzrc/6qrp0EyyCoJQZEXUjiG5cVrC20NaaSW9raCYZkjtiGebvuXHnzv/gxoUirkxrF1o9EDic716SnDCWwqLvP3u5/NT0zOzcfGFhcWl5pbi6dmV1YjhUuZba1ENmQQoFVRQooR4bYFEooRb2z4a8dgfGCq0ucRBDK2I9JbqCM3RRu3jTtKIXseu9dhPhHlPUmBWo0zGdIHZgcdfP6M4kUFpY+Ce3yDCj7WLJL/sj0b8mGJsSGavSLj41O5onESjkklnbCPwYWykzKLiErNBMLMSM91kPGs4qFoFtpaMmMrrlkg7tauOOQjpKf26kLLJ2EIVuMmJ4ayfZMPyPNRLsHrVSoeIEQfHvi7qJpKjpsFbaEQY4yoEzjBvh3kr5LTOMoyu/4EoIJr/811ztlYOD8v7FfunkdFzHHNkgm2SbBOSQnJBzUiFVwskDeSFv5N179F69D+/zezTnjXfWyS/l8l8YNLKG</latexit>

ω2
tot = ω2

syst,0 + ω2
noise + ω2

stat

10�2

10�1

⌦

�
sy

st
/A
↵ noise only

BNN
RE
Det

0 2 4 6 8 10
fsmear [%]

10�3

10�2

h�
st

at
/A
i

<latexit sha1_base64="cyx8l5Kiyoxh0sUDL6yagCgTO/c=">AAACHHicbVBNa9tAFFylaeu6X25z7GWJKfRQjNSEtpdA2l5ydCD+AMuYp/WTvXh3JXafSozQD+mlfyWXHFpCLj0U8m+ytkVIkw4sDDPzePsmyZV0FIZXwdaD7YePHjeeNJ8+e/7iZevV677LCiuwJzKV2WECDpU02CNJCoe5RdCJwkGy+LbyB9/ROpmZE1rmONYwMzKVAshLk9Ze7ORMwyQmPKWSLEhT8QOe1oLTCLaK33+5CRRYTVrtsBOuwe+TqCZtVqM7af2Jp5koNBoSCpwbRWFO4xIsSaGwasaFwxzEAmY48tSARjcu18dV/K1XpjzNrH+G+Fq9PVGCdm6pE5/UQHN311uJ//NGBaWfx6U0eUFoxGZRWihOGV81xafSoiC19ASElf6vXMzBgiDfZ9OXEN09+T7pf+hEHzv7x/vtw691HQ32hu2ydyxin9ghO2Jd1mOC/WBn7Bf7HfwMzoOL4HIT3QrqmR32D4K/1+7Loyk=</latexit>

ωtrain = fsmear Atrue

0 1 2 3 4 5
�train ⇥10�8

0

1
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3
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5

�
no
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e

⇥10�8

BNN
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Det

➡ Networks learn noise as systematic uncertainties 
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Uncertainty behavior
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Uncertainty behavior

13

1. Statistical uncertainty independent of noise 

2. Systematic uncertainty plateaus on noise level

104 105 106

N

0.00

0.02

0.04

0.06

0.08

æ
/A

æ≤ = 0

æsyst

æstat

ætot

104 105 106

N

0.00

0.02

0.04

0.06

0.08

0.10

0.12

æ
/A

æ≤ = 2%A

æsyst

æstat

ætot

BNN only

104 105 106

N

0.02

0.04

0.06

0.08

0.10

0.12

æ
/A

æ≤ = 5%A

æsyst

æstat

ætot



Learning Uncertainties - N. Elmer

Calibration of the results
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Bias calibration

Uncertainty 
calibration
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Calibration of the results

14

Bias calibration
<latexit sha1_base64="8NzgqWaQFsxyFoFw+IOjU12f2NQ=">AAACL3icbZDLSgNBEEV7fBtfUZduGoMQF4YZCepGiA/EVVAwGsiE0NOpMU16HnTXiGHIH7nxV7IRUcStf2FPjKDGCw2XU1VU1/ViKTTa9rM1MTk1PTM7N59bWFxaXsmvrl3rKFEcajySkap7TIMUIdRQoIR6rIAFnoQbr3uS1W/uQGkRhVfYi6EZsNtQ+IIzNKiVP3NPQSIr3m/TQ+r6ivH0qOUi3GNarfYzvEO/AaoEMtRPx0grX7BL9lB03DgjUyAjXbTyA7cd8SSAELlkWjccO8ZmyhQKLqGfcxMNMeNddgsNY0MWgG6mw3v7dMuQNvUjZV6IdEh/TqQs0LoXeKYzYNjRf2sZ/K/WSNA/aKYijBOEkH8t8hNJMaJZeLQtFHCUPWMYV8L8lfIOM6GhiThnQnD+njxurndLzl6pfFkuVI5HccyRDbJJisQh+6RCzskFqRFOHsiAvJBX69F6st6s96/WCWs0s05+yfr4BK8VqPM=</latexit>

!(x) =
ANN(x)→Atrue(x)

Atrue(x)

Uncertainty 
calibration
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Calibration of the results

14

Bias calibration
<latexit sha1_base64="8NzgqWaQFsxyFoFw+IOjU12f2NQ=">AAACL3icbZDLSgNBEEV7fBtfUZduGoMQF4YZCepGiA/EVVAwGsiE0NOpMU16HnTXiGHIH7nxV7IRUcStf2FPjKDGCw2XU1VU1/ViKTTa9rM1MTk1PTM7N59bWFxaXsmvrl3rKFEcajySkap7TIMUIdRQoIR6rIAFnoQbr3uS1W/uQGkRhVfYi6EZsNtQ+IIzNKiVP3NPQSIr3m/TQ+r6ivH0qOUi3GNarfYzvEO/AaoEMtRPx0grX7BL9lB03DgjUyAjXbTyA7cd8SSAELlkWjccO8ZmyhQKLqGfcxMNMeNddgsNY0MWgG6mw3v7dMuQNvUjZV6IdEh/TqQs0LoXeKYzYNjRf2sZ/K/WSNA/aKYijBOEkH8t8hNJMaJZeLQtFHCUPWMYV8L8lfIOM6GhiThnQnD+njxurndLzl6pfFkuVI5HccyRDbJJisQh+6RCzskFqRFOHsiAvJBX69F6st6s96/WCWs0s05+yfr4BK8VqPM=</latexit>

!(x) =
ANN(x)→Atrue(x)

Atrue(x)

Uncertainty 
calibration

<latexit sha1_base64="ngOS/VE2wfd87dmUjaiextlE5A0=">AAACJHicbZDJSgNBEIZ74h63qEcvjUGIB8OMBBVEcLl4EgWjgUwIPZ2apEnPQneNGIY8jBdfxYsHFzx48VnsiRE08YeGn6+qqK7fi6XQaNsfVm5icmp6ZnYuP7+wuLRcWFm91lGiOFR5JCNV85gGKUKookAJtVgBCzwJN173NKvf3ILSIgqvsBdDI2DtUPiCMzSoWTigWLrboofU9RXj6XHTRbjD9Py8n+Ft+gNQJZChfupq0Q5YZpuFol22B6LjxhmaIhnqoll4dVsRTwIIkUumdd2xY2ykTKHgEvp5N9EQM95lbagbG7IAdCMdHNmnm4a0qB8p80KkA/p7ImWB1r3AM50Bw44erWXwv1o9QX+/kYowThBC/r3ITyTFiGaJ0ZZQwFH2jGFcCfNXyjvMpIUm17wJwRk9edxc75Sd3XLlslI8OhnGMUvWyQYpEYfskSNyRi5IlXByTx7JM3mxHqwn6816/27NWcOZNfJH1ucX09Sjxw==</latexit>

t(x) =
ANN(x)→Atrue(x)

ω(x)
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Calibration of the results

14

Bias calibration
<latexit sha1_base64="8NzgqWaQFsxyFoFw+IOjU12f2NQ=">AAACL3icbZDLSgNBEEV7fBtfUZduGoMQF4YZCepGiA/EVVAwGsiE0NOpMU16HnTXiGHIH7nxV7IRUcStf2FPjKDGCw2XU1VU1/ViKTTa9rM1MTk1PTM7N59bWFxaXsmvrl3rKFEcajySkap7TIMUIdRQoIR6rIAFnoQbr3uS1W/uQGkRhVfYi6EZsNtQ+IIzNKiVP3NPQSIr3m/TQ+r6ivH0qOUi3GNarfYzvEO/AaoEMtRPx0grX7BL9lB03DgjUyAjXbTyA7cd8SSAELlkWjccO8ZmyhQKLqGfcxMNMeNddgsNY0MWgG6mw3v7dMuQNvUjZV6IdEh/TqQs0LoXeKYzYNjRf2sZ/K/WSNA/aKYijBOEkH8t8hNJMaJZeLQtFHCUPWMYV8L8lfIOM6GhiThnQnD+njxurndLzl6pfFkuVI5HccyRDbJJisQh+6RCzskFqRFOHsiAvJBX69F6st6s96/WCWs0s05+yfr4BK8VqPM=</latexit>

!(x) =
ANN(x)→Atrue(x)

Atrue(x)

Uncertainty 
calibration

<latexit sha1_base64="ngOS/VE2wfd87dmUjaiextlE5A0=">AAACJHicbZDJSgNBEIZ74h63qEcvjUGIB8OMBBVEcLl4EgWjgUwIPZ2apEnPQneNGIY8jBdfxYsHFzx48VnsiRE08YeGn6+qqK7fi6XQaNsfVm5icmp6ZnYuP7+wuLRcWFm91lGiOFR5JCNV85gGKUKookAJtVgBCzwJN173NKvf3ILSIgqvsBdDI2DtUPiCMzSoWTigWLrboofU9RXj6XHTRbjD9Py8n+Ft+gNQJZChfupq0Q5YZpuFol22B6LjxhmaIhnqoll4dVsRTwIIkUumdd2xY2ykTKHgEvp5N9EQM95lbagbG7IAdCMdHNmnm4a0qB8p80KkA/p7ImWB1r3AM50Bw44erWXwv1o9QX+/kYowThBC/r3ITyTFiGaJ0ZZQwFH2jGFcCfNXyjvMpIUm17wJwRk9edxc75Sd3XLlslI8OhnGMUvWyQYpEYfskSNyRi5IlXByTx7JM3mxHqwn6816/27NWcOZNfJH1ucX09Sjxw==</latexit>

t(x) =
ANN(x)→Atrue(x)

ω(x)

Correctly learned: 
 follow Gaussian
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➡BNN advantage for 
systematic uncertainties
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Systematic pull of REs

• Learned  too conservativeσsyst(x)
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➡Prediction benefits from ensemble nature but not σsyst
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Systematics from network expressivity

17
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Systematics from network expressivity

• Need at least three layers 

• BNN: only last layer Bayesian 

• Six layer: network  gets too large 

➡ More expressivity and better sensitivity for 
small noise with more layers
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Prior influence in the BNN

18
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Prior influence in the BNN

18
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➡Results don’t depend on prior 

➡For more layers a larger prior is needed
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Improving by using advanced architectures

• Enhance standard networks through representation learning: 

1. Deep Sets (DS): learns embedding for each particle type 

2. Deep Sets Invariants (DSI): DS with Lorentz invariance added as input 

3. L-GATr: fully Lorentz equivariant network architecture [2411.00446]

19

https://arxiv.org/abs/2411.00446
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Accuracy for advanced architectures

20
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Accuracy for advanced architectures

20
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➡Controlled accuracy to  level10−5
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Uncertainties from advanced architectures

21
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Uncertainties from advanced architectures

21
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➡Calibrated uncertainty with precision on  level 

➡Data preprocessing gain improvement in intrinsic uncertainties

10−5
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Outline

Part I: Different networks and architectures 

Part II: Systematic uncertainties 

Part III: Statistical uncertainties

22
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Scaled statistical pull

• Use N=512 samples for BNN and RE 

• Evaluate scaled pull for subset M 

• M N: correlation increases,→

23
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Reducing the training size

• Systematic uncertainty dominant over statsitical 

• Training on 700000 phase space points:  

• Reducing training data to 100000 phase space points
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ωtot(x) → ωsyst(x) ↑ ωstat(x)
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Reducing the training size

• Systematic uncertainty dominant over statsitical 

• Training on 700000 phase space points:  

• Reducing training data to 100000 phase space points

<latexit sha1_base64="tqnAqm1ZyCIdcnfkD0ow8Ol0AUI=">AAACNXicbZA9SwNBEIb3/IzxK2ppsxiE2IQ7EbUU0lhYRDCJkAthbrO5LO7dHrtzknDkT9n4P6y0sFDE1r/g5pJCowMLL+8zw+y8QSKFQdd9cRYWl5ZXVgtrxfWNza3t0s5u06hUM95gSip9G4DhUsS8gQIlv000hyiQvBXc1Sa8dc+1ESq+wVHCOxGEsegLBmitbunKNyKMoOsjH2KGCseV4RH1IUm0GtJf0IxMTot+GM4RhJx0S2W36uZF/wpvJspkVvVu6cnvKZZGPEYmwZi25ybYyUCjYJKPi35qeALsDkLetjKGiJtOll89pofW6dG+0vbFSHP350QGkTGjKLCdEeDAzLOJ+R9rp9g/72QiTlLkMZsu6qeSoqKTCGlPaM5QjqwApoX9K2UD0MDQBl20IXjzJ/8VzeOqd1o9uT4pX9RmcRTIPjkgFeKRM3JBLkmdNAgjD+SZvJF359F5dT6cz2nrgjOb2SO/yvn6BqMjrSc=</latexit>

ωtot(x) → ωsyst(x) ↑ ωstat(x)

24

<latexit sha1_base64="ZteDsMRZZVUHLOTzeuOmiwpP2YM="></latexit>

70% 10%

→ωsyst, BNN-DSI/A↑ 8.7 · 10→5 2.5 · 10→4

→ωstat, BNN-DSI/A↑ 3.6 · 10→5 1.5 · 10→4

→ωsyst, RE-DSI/A↑ 5.1 · 10→5 2.9 · 10→4

→ωstat, RE-DSI/A↑ 4.8 · 10→5 2.2 · 10→4



Accuracy and Uncertainties in ML - N. Elmer

Dependence on training size

25
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Dependence on training size

• Repulsive ensemble advantage in statistical uncertainty

25
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Relative uncertainty vs training size
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Relative uncertainty vs training size

➡  always larger 

➡  larger for RE-DSI than BNN-DSI

σsyst

σ
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Relative uncertainty vs training size

➡  always larger 

➡  larger for RE-DSI than BNN-DSI

σsyst

σ
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Relative uncertainty vs training size

➡  always larger 

➡  larger for RE-DSI than BNN-DSI
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Conclusion

27

1. Able to track systematic and statistical uncertainties 

2. Networks mostly well calibrated (if not: calibration possible) 

3. RE benefit from ensemble nature in precision 

4. Advanced networks are able to give controlled accuracy on  level10−5
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Conclusion

27

1. Able to track systematic and statistical uncertainties 

2. Networks mostly well calibrated (if not: calibration possible) 

3. RE benefit from ensemble nature in precision 

4. Advanced networks are able to give controlled accuracy on  level10−5

Thank you for your attention! 



Accuracy and Uncertainties in ML - N. Elmer

Back up / Additional material
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Prediction accuracy

• Full dataset: 1.1M phase space points (unweighted samples) 

• Accuracy testing:

29
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Prediction accuracy

• Full dataset: 1.1M phase space points (unweighted samples) 

• Accuracy testing:
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Scaled statistical pull

30

• Statistical uncertainty and pull based on mean and variance 

• Scales with number of samples M
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Scaled statistical pull

30

• Statistical uncertainty and pull based on mean and variance 

• Scales with number of samples M

<latexit sha1_base64="WioRmv6i7yjoe2aa3w4Ia76RPwI=">AAACKXicbVDLSgNBEJyNrxhfUY9eBoMQQcKuBPUiBL14CUQwD8iGMDuZTYbMPpzplYRlf8eLv+JFQVGv/oizSQ6aWNBQVHXT3eWEgiswzU8js7S8srqWXc9tbG5t7+R39xoqiCRldRqIQLYcopjgPqsDB8FaoWTEcwRrOsPr1G8+MKl44N/BOGQdj/R97nJKQEvdfMVWvO+Rrg1sBLECAifVpDg6xpfYdiWh8YKfuomW7yXE1STp5gtmyZwALxJrRgpohlo3/2r3Ahp5zAcqiFJtywyhExMJnAqW5OxIsZDQIemztqY+8ZjqxJNPE3yklR52A6nLBzxRf0/ExFNq7Dm60yMwUPNeKv7ntSNwLzox98MImE+ni9xIYAhwGhvucckoiLEmhEqub8V0QHRAoMPN6RCs+ZcXSeO0ZJ2VyrflQuVqFkcWHaBDVEQWOkcVdINqqI4oekTP6A29G0/Gi/FhfE1bM8ZsZh/9gfH9A+0uqFE=</latexit>

ωstat,M(x) =
ωstat(x)→

M

<latexit sha1_base64="IQ3EAUFz5fTFgKBTGcGonyx7PGM="></latexit>

t̂stat,M (x) =
→A↑M (x)↓ →A↑(x)

ωstat,M(x)



Accuracy and Uncertainties in ML - N. Elmer

Calibration of networks

• Calibrate RE by introducing scaling parameter T:  

• T estimated by using stochastic gradient descent

31

<latexit sha1_base64="3wDFXjqr24cS686l2GlV3hjp61o=">AAACJHicbVDLSsNAFJ3UV62vqEs3g0VwVRIpKrgpunFZoS9oQplMp+3QyYOZGzWEfowbf8WNCx+4cOO3OGmz0LYHLhzOuZd77/EiwRVY1rdRWFldW98obpa2tnd298z9g5YKY0lZk4YilB2PKCZ4wJrAQbBOJBnxPcHa3vgm89v3TCoeBg1IIub6ZBjwAacEtNQzrxzFhz7pOcAeIVWJggl2JB+OgEgZPuBlNnCfKdwo9cyyVbGmwIvEzkkZ5aj3zA+nH9LYZwFQQZTq2lYEbkokcCrYpOTEikWEjsmQdTUNiN7jptMnJ/hEK308CKWuAPBU/TuREl+pxPd0p09gpOa9TFzmdWMYXLopD6IYWEBniwaxwBDiLDHc55JREIkmhEqub8V0RCShoHPNQrDnX14krbOKfV6p3lXLtes8jiI6QsfoFNnoAtXQLaqjJqLoCb2gN/RuPBuvxqfxNWstGPnMIfoH4+cXX66mcw==</latexit>

ωsyst → ωsyst ↑ T

10�3 10�2 10�1 100

�syst/A

10�5

10�4

10�3

10�2

10�1

a.
u.

T = 0.27

RE
RE cal.

�4 �2 0 2 4
tsyst

0.0

0.5

1.0

1.5

a.
u.

T = 0.27RE
RE cal.
N (0,1)



Accuracy and Uncertainties in ML - N. Elmer

Kolmogorov-Arnold networks (KANs)

• Use KANs for calibration 

• GroupKANs allow for learnable activation functions
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